ON THE EXISTENCE OF THE STIELTJES INTEGRAL*

BY
H. L. SMITH

Lebesguet has shown how to treat the Riemann integral by studying
the content of an associated point set. The present paper is an attempt
in the same direction for the Stieltjes integral. A pair of conditions are
found which are necessary and sufficient for the existence of the integral,
one of which concerns itself with the associated point set. The other is
automatically satisfied for a large class of integrals comprising (1) those
for which the associated point set is a (continuous) curve with at most a
finite number of multiple points; and (2) those for which the measure
function is of limited variation. A consequence is that a simple closed

curve must be squarable if its line integral fy dx exists. Among the
examples given is one which shows that a simple closed curve may be

squarable and still fail to have an existent line integral fy da.

1. Definitions and notations. If I', I’ are two sub-intervals of
T, I'.I'" will denote the interval common to I’, I''.

A general partition t, = 0<<t, <{...-<tp—1 <ty = 1 of the interval T"
0 < t<1 will be denoted by the notation m; a partition of a sub-
interval I of T will be denoted by 7w (Z). A general cell ; < ¢t < tia
of a partition = will be denoted by Am. The symbol X7, will denote
a summation over all the cells An of a partition n. The upper
(greater) and lower (lesser) end points of an interval I will be denoted
by I, Irespectively, and #' will denote any point of an interval I. By
7’ < 7'’ will be denoted the partition consisting of all non-singular A=’ . 47",

Every numerically-valued function 6(¢) defined on 7' gives rise to an
associated function 6(Z) on the class of all sub-intervals I of 7' defined
by the equation

0(1) = o(I)—o(J).

The symbols S, A¢ and SS WwAg are defined by the equations
7T
Sy Ay = 29ty (4n),
7T 1 e
Siydy = 25 {¥(@m) +y@m)}y (n);
7T

* Presented to the Society, December 29, 1923.
T Legons sur U'Intégration, 1904, p. 45.
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and are respectively multiply-valued and singly-valued functions of = for
given ¢, .

A partition m; is finer than a partition s, in notation n, Frm,, if every
cell Am, of n; lies entirely in some cell A, of ;. The binary relation F
is transitive, reflexive and has the composition property as defined by
E. H. Moore and the author.* It, therefore, serves to define a limit process
Lr applicable to numerically-valued functions 6(7r) defined for the class
of all partitions of 7. Thus Lr 6 = a provided there exists a system
(e | e) (e=>0) such that

[0(m)—a|<e (nF m) (e>0).

Every partition 7 has a norm N7 defined as the length A7 — A7 of
its longest cell An. This gives rise to a second limit process Ly on
functions 6 () defined as follows: Lx6 = a provided there exists a system
(de | e) such that

lo(m)—a| < e (m, N# < d) (€).

1
The (Riemann) Stieltjes integral ﬁ Y(t)dg(f) or more briefly J; 190 do
exists in the sense
(F'S)
(FW)
s8)
(NW)
provided
Ly Sn Y Ay
Ly S Ay
Ly S ¢Ayg
Ly S°yw Ay

exists. The same symbol may be used in each of these cases, since, if
the integral exists simultaneously in two or more senses, the values are
the same. This is easily seen from the following.

1

Obviously if the integral ﬁ wdg exists in the sense ys then it exists

(with the same value) in the sense f{‘;ﬁ, which justifies the notations
S (= strong) and W (= weak). Moreover if the integral exists in the
sense W% then it exists also in the sense .

*E. H. Moore and H. L. Smith, American Journal of Mathematics, vol. 44 (1922),
p. 104.
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2. A necessary and sufficient condition. The oscillation of SYAe
on I, in notation O;SyA¢, is defined as the least upper bound
of |Sway WAe — Sway WA9| for all partitions =’ (1), n""(I) of I
(I in T); and O;S° Y Ag is similarly defined as the least upper bound of
|Svay WA9 —Spay WAg|. The symbols O, SYAp, 0z S°W Ay are defined
by the equations

/4
0,8YAy = ;047, Syay,
T

T
0,8WAy = AZOAHSWM.
T

THEOREM 1. In order that J:l,bd9> exist in the sense (F'S), (FW), (NS) or
(N W) it is necessary and sufficient that Lr Oz Sy A9 =0, Lr OxS°YAp =0,
Lx 0z 8¥A9 =0 or Ln Oz S Y Ap = 0 respectively.

We prove the theorem for the sense (¥'S).

The condition is necessary. For let 7w be any partition of 7 and e any
positive number. Then there are two partitions #’' Frr, a”’ F such that

H

0< 04, S 4y — {Sn'(An) YAy — Sn”(An)wA‘P} =

§|m

where 7' (47), "' (A=) denote respectively the partitions n', 7" as on An
and n is the number of cells in #. Hence

0SSy YA — S YAp < O SYAy < e+ Sy YAy — S Y A9.

On applying the quasi-limit* %p to this inequality, there results

0< Le OxSYA9 <e (o)
or
%F 0.8y Ay = 0,

uniquely; which proves the necessity.t
The condition is sufficient. For if "' Fa', a"'F n”, then
|Sw W Ay — Sn YAy
SIS A9 — S YA+ Sy YAp — S YA
S OnYA9+ 02 YAy;

* Moore and Smith, loc, cit., p. 110.
+ Moore and Smith, loc. cit., p. 112, Theorem 8.
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from which the sufficiency follows on taking the simultaneous F-limit as
to #’ and n'’,

3. Some necessary conditions. O; y, the oscillation of ¥ on I, is
defined as the least upper bound of

[y () — v ()|
for all ¢/, ¢].

INEQuUALITY A. 01 8 YA9 > (01 9) |9 (D)].

INEQUALITY A°. O; S°YAg = —12-(01 ) lo(D)].

We give the (slightly) more difficult proof, that of 4°. Let ¢(I) # 0;
the inequality is obvious otherwise. For every e(>0) take ¢ and t” in I
such that

(@) — ()] sgn o) = O Y —e,

so that
[v@)— ()] o) = [0y —ello(D)].
Then
% [v@)— ()] o) = SwyYdy — Sy YAy,
where

S wag = LDFYO iy oy ¥OTYD 7y,

Swarpdy = LLELO g (1 LEOTYD 1 3y o
so that
Swa WAy — Seapde 2 =0 W) sl —sels®l @,

From this inequality A4° follows.

1
THEOREM N1. In order that J; Ydo exist in the sense (F'S) or (FW)
it 1s mecessary that

%F%(odnw)lw(dn)l = 0;

in the sense (NS), (NW) it is necessary that
T
I 2(04¥) lg(@m)| = 0.
T

This theorem follows at once from inequalities 4, A°.
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THEOREM N2. In order that J:lpdgp exist in the sense (NS) or (NW)
it is necessary that ¢, Y have mo simultaneous discontinuities on T'; in the
sense (F'S) that ¢, ¥ have mo simultaneous right-hand discontinuities or
stmultaneous left-hand discontinuities.

The proof of this theorem is not difficult and is omitted.

4. On the independence of the four senses (F'S), (FW), (NS),
(NW). Of the eleven situations as to the simultaneous existence of

1
j;t//dq) in different senses indicated in Table O the first four are excluded

by the fact that (N.S) implies (#'S); the next four by the fact that (F'S)
implies (F W); the ninth by the fact that (NS) implies (N W); and the
tenth by the fact that (VW) implies (¥ W). The last one is excluded by
Theorem N2 and Theorem J.

Table 0
FS|FW|NS|NW
W=+ [+]+
@|—|+|+]—
@|—|— |+ |-
@|—|—|+]|+
®+|— |+ |+
®|+|— |+ |-
@+ | ==+
®|+|—|—|—
@+ +]|+ |-
a0 | — | —|— |+
a |+ +1—1+

THEOREM J. If o, ¥ have mo simultaneous discontinuities, then the exis-
1
tences of J: Wdy in the senses (F'S) or (FW) imply existences in the

respective senses (NS) or (NW).
We prove the theorem for the strong senses. We note first that

%N[SmlPA?—Snxm‘PA?] =0 (7).

Hence
(I;F %N) [Sn, W Ay — Saxcn, Yd9] = 0.

Also
1
(];-'JF%N) Snxn. wA? = J; lpd?.
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Therefore

1
J;'Pdw = (LrLn) S ¥4y = LnSn ¢4y, Q. E.D.

There remain of the sixteen possible cases only the five exhibited in
Table 1. We now give examples to show that these situations actually occur.

Table 1
n | FS|FW| NS|NW]|
I I g oy oy
R L B e Bl e
| OL | — | 4+ | — | + |
W - -
LVl =l ===

Where two examples are given the second (more complicated) one is such

that the situation in question holds not only for 7' but for every I in T'.
L ¢() = 0, Y() = 0, 0<t< 1.

IL ¢(¢) = 0, 0§ o) =1, <t

pO=10, 0=<t<4  yOH=1, =t

Ir'. () = 21 aen(t), W) = Z anen (t),

where a, = (1/9*") (n =1,2,3,...) and &,(f) = 1 when ¢ satisfies one
of the inequalities (3kx-41)/3" < t<<(3k+2)/3*(k =0, ...,3"1—1),
= 0 otherwise; and &,(f) = 1 when ¢ satisfies one of the inequalities
Bk+1)/3r<t<(Bk+2/3*"(k =0, ..., 3" 1—1), = 0 otherwise.

OL o() = v =0, 0<i<1; o) = pd1) =1.

IIT'. ¥(9) = ¢(f) where ¢(¢) is the parametric representation of the
x-coordinate of the Peano-Moore space filling curve as given by E. H. Moore
(these Transactions, vol. 1 (1900), p. 80, eq. 27).

IV.g() =w(®) =0, 0=Zt=<1, tF4;

~
=
_~
\

9(3) = yv@) = 1.
’ 2k+1 2k+1 . 1 o . .
IV-?( om )—‘w( Qm )_ gm—1 (k-—O’...,2 1_1)’
() = Y(t) = 0, ¢ not of form ~——2—'tL

V. ¢(&) = yw() = 0, t rational; w() = () = 1, ¢ irrational.

5. Some lemmas on the operator E. Convex sets. Let « denote

a planar set of points. By E(e) will be denoted the set of all points on
closed segments joining pairs of points of «. E?(a) = E {E(«)}, ete. If
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E(¢) = «, the set is conver. Concerning the operation E the following
simple propositions hold:

E 1. If « is connected, E () is convex.

E2. If « is any set, E («) is connected.

E3. If « is any set, E? () is convex.

E4. If « is any set, E? («) is theleast convex super set of «.
E5. If « is bounded, E («) is bounded.

E 6. If « isbounded and closed, E («) is bounded and closed.

E 7. Every bounded convex set has content.

6. Some lemmas on the triangles inscribable in a given set.
The diameter of a set « is the least upper bound of the distance PQ for
all pairs of points P, @ in «.

We shall represent a set and its content (if existent) by the same symbol.
If the content is not known to exist, the upper content will be denoted
by the symbol for the set with a bar over it.

A triangle PQR is inscribed in a set « if the peints P, @, R are in a.

LEMMA T 1. In any closed bounded convex set « there may be inscribed
a \NPQR whose area is at least one-fourth the content of « and whose longest
side is equal in length to the diameter of «.

Take two points I, @ of « whose distance apart is equal to the diameter
of a. Let p, q be the lines through P, @ respectively and L to the line PQ.
Clearly all points of « lie between or on the lines p, q. Let P, P;, @ Q:
be the segments which are the projections of « on p and ¢ respectively.
Then e« lies entirely in the rectangle P, P, Q: @Q,. Let R,, R; be points
of « on P, Q, P;Q; respectively. Let R be that one of the two points B, R,
which is at the greater distance from PQ. Then

APQE = + (APQR+A PQEs) =  rectangle P QQu Py = .

Lemma T 2. If P, Q are points of E () such that PQ equals the diameter
of E (), then P, Q are in «.

For if one of them, say @, is not in « it is collinear with two points
@', Q" in «. But then one of the distances PQ’, PQ"” would exceed PQ
and PQ would not be a diameter of E («).

Lemma T 3. If P, Q are points of e and R, is in K (&), there is a point R
of a such that ANPQR > /A PQR,.

If Ry is in « take R = R,. If R, is not in « it is collinear with two
points Ry, Ry of «, one of which is as far from line PQ as R, and may
be taken as R.
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LEMMA T 4. In any closed bounded set ¢ may be inscribed a /\ whose
area is at least one-fourih the content of EE («).

There is (by Lemma T1) a A PQR, inscribed in E®(«) such that
APQR > }E?(«), and whose longest side, PQ say, is a diameter of
E?(«). By two applications (at most) of Lemma T 2 it is seen that P, Q
are in «. By at most two applications of Lemma T3 a point R in «
may be found such that APQR > APQR,.

LemMA T 5. In any bounded set « there may be inscribed a [\ whose
area is at least ome-fifth the upper content of EZ (a).

This is proved by applying Lemma T4 to EZ (« + «').

7. The necessary conditions 4. By «,,, (I) will be denoted the set
of all points (¢ (¢), ¥ (¢)) for ¢ in 1.

IngQuaLITY B. 01 8°yA9 = LE® g, (1).

First there are (by Lemma T 5) three points (v (¢,), ¥ (%)), (v (t), ¥ (%)),
(9 (), ¥ (fs)) which form a triangle having area exceeding one-fifth the
content of E? ey, (I). That is,

g

5 (W) + P} o) — g 0]+ 5 (&) + w(6) [p () — 9 (o)
+ 5 (V0 + Y@} ) — ]| 2 B agy (D,

Now take n’ = It t,ts 1, n" = It,t, 1. Then

Sy WAy — S Ag| > %E’aw(I);

from which the inequality follows.
The symbol 8, E*4a,,, will denote 274, E?eg, (470).
1

THEOREM N3. In order that o Ydy exist in the sense (F'S) or (FW)
it is mnecessary that

Ar(p ¥): LFSE”Aa(W = 0;
i the sense (NS) or (NW) that
An(p ¥): Lx SE’AaW = 0.

1
COROLLARY. In order thatJ; Wdog exist in either sense it is mecessary

that content ag,, (T) be zero.
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In § 12 will be given an example to show that this is not sufficient
even when e, (7) is a simple (continuous) are.

8. Lemmas. The relation U,. A function ¢(f) gives rise to an
associated function ¢, (¢) relative to = defined as follows:

9, (1) = ¢(dn) + ¢(4n, A7) (t —An) for ¢ in An and each A,

where
sl —9t)

9t, ts) = h—t
The following algebraic identity
n—1 n-—12 x, Y 1
Zl i+ yir) @ita — ) = 1+ yn)@n— x1) —.Z x oy 1
= i oy 1

is easily proved by induction. By its aid it is easily shown that

Sy W, de, = Spde (V'Fm),
and hence that

1
.J;% do, = S;:' Y, 49, = SzlPASP (='¥ n).

oUp on I if o(I'+yw(')*>0 for every I' within I such that
Or 9+ Or v>0.

¢Up ¥ on I if there is a my(I) such that ¢ Uyy on each 4 my(Z).

¢Uy on I if there is a my(Z) such that for every n(I)F m,(I) there
is a #'(Z) such that »'(I)Fr(I) and ¢ Up Y on each 4m,(I).

LemMA Uol. If 92 Uoyn on I and

on (1) () 1 B
o) Y2 1|40  I<t<D),
LoD (D) 1

then
— |
5 VD + s D} 90 (D) — [ 9| < Ereg, (D.

For if n(I)is to = I, t, 4, tn—y, tn=21 and the P; are the points
(9. (&), Yun() @ = 0,-..,n), the polygon P, P, ... P, P, is simple and
its area the left-hand side of the inequality while the right-hand side is the
area of the smallest convex polygon which contains the polygon Py P; --- P, Po.
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9. Reduction of functions to be in the [, relation. Some
inequalities. Let ¢, y be continuous on I(€ 7). If ¢ Upy on I,
there exists uniquely a sequence {G,} of intervals defined by induction as
follows:

(i) G, is such that

1) @CI; (2 Oc9+06,y>0;  (3) 9(G)'+y(G)=0;

@) 9@+ (@)*>0

for every G (_;_I such that Og ¢ + Og ¥ >0 and such that G — G > G, — G,
or G—G=G,—G, and G <Gy;
(ii) Gy, ..., Gy having been defined, G'ny1 is such that

©) Gut1-(Gi+---+G)=0; (1) G &€ 1; (2 O, 9+ 0Og,,, P>0;
(B) 9(Gut)’ + Y(Gutr) = 0; (4 9(@*+Y(@*>0
for every G € I such that G.-(G1+---+ Gw) =0, Oy + Og >0 and
Sllch that G - Q > G1¢+1_' Qn.{-] or G—‘ Q = G;H-]‘—Qnﬁ-l and Q < Qn+1 .
It is clear that G+ G; = 0 for every 7 ¥ j, and, therefore, if the sequence
is infinite
]’::(6)3__1_)L) - O.

We may now define two functions ¢ {W}(t), tp{ I}(t) over T as follows:
L)

PO = 9O if Lis in T— 2 Gu;

= (@) == ?(an) it ¢is in G, (n);
w{w}(t) = W) if ¢ is in T—2, Gu;
= Y(G) = W(@,) if tis in G, ().

Lemma Uy 2. o9, Uy on I.
o} Vo
Take G so that ()ch{w’}+()g Y >0, We are to prove that

{o1)
) (o) Gr+ ',U{w}(G)‘3>O. We note first that the condition on G implies
that @ is not entirely in any G,.

Suppose first that G- (3, @) = 0. Take n so that G— G > Gn— G-
This together with G € I, G-(G;+---+ Gy-1) = 0 and

Ogy + Oy = Ogy +001P{W}>0

{ur}
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shows that ¢ (G4 ¢(G*>0. But ¢ fu) @rP+y {o1) (@GP =9 (G + (@)
{ur }(G’)2+ ¢{ }(G)2>0-

Suppose G-(2, G») > 0. Let n be the smallest integer for which G- G >0,

and set G, = G,+@. Then G,—@G,>G.—G, (since G does not lie
entirely in G,) and this together with G, € I, Gy-(G1+ - -+ Go—1) = 0,
06,9 + Og, ¥ = Og g fui) + O¢ fo) >0 shows that ¢ (G,)? + Y(Go)> > 0. But

9’{.“} @7+ "D{w} (G = 9 (G + ¢(G. Hence q’{w} @7+ #'{W} (@P>0.

The lemma is thus completely proved.
We now define ¢ , W as follows:
{vn}” onl

Hence ¢

_ D if £ s in A A )
y{w}(t) ya{wln}(t) if tisin An (Adn);
[ t) = ) if ¢is in 4 An).,
'/f{(m}() l#{Mn}() if tisin Adn  (4n)

It is easily seen that there is no conflict of definition at the division
points of .

We now define integration processes f ,f R ' f ll’ af—l-b f , ete.,
{1t =t {n}
thus:

|f]¢dso lfwdso,
( f«}-bf )tpdcp = afv'dqa—{—b 1,0dq>, ete.

If f(7) has a meaning for every partition 7= of T' or of a sub-interval 7,
we shall denote by B;f the least upper bound of f(7) for all partitions
of I and by B,f the sum 3’4, By, f-

IneQuaLiTY {I}.

| _ d | —
I :;12“ {Qlfn(l)(_IH‘ Y (D} gnay (I)“J{I}l#’n(n d‘}’n(l)% <2B;SE*Aagy.
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INEQUALITY {7t}
\ f% d9n— f{n} Y Ao

It is clear that Inequality {z} follows from Inequality {I}, which we now
prove.
Let ¢, <t3 < ... << ty—1 be the values for which

9’7‘{1‘0”1} (t) 1#’”{%’ l} (t) 1

9. (1) Y, (1) 1|=0,
e YD1

and 7, the partition 1= to, s, -+, ta, tn = 1.
Now by the algebraic identity of § 8

< 2B,S8E*a,, (@'Fn).

1 _
o Wa (1)} ¢n () — Yn & Pn
YD+ ¥a D 9n (D f{l}’w ag

n

1 !
=2 [g {9r (ti2) + ¥ @} g (8 — 9n (i} — J:_‘ LT dson{%,}] '

i=1

Hence by Lemma U,1

7o
’—;‘{'Pn(l)-l-l/’n(f)}%(f)— Y dyn| < DE ayyg, (Ao,

{r}s

The partition 7, is such that between any two of its consecutive division
points #—, t; there is a division point u; of . Now let n', 7" be the
partitions

il

T ly Uy, Ug, Usy * <y L,

1"
T l) Ug, Ugy Ugy * *

N~

Then every cell Am, is in a cell A7’ or in a cell An".
Therefore

"

Ty ' 7
2B gy, (U S DB agy, () + 2B gy, (An)
7o 7 V4

”l ”II
< D Elagy () +12 E? gy (A7)
an' "
< 2B SE? agy,

which establishes Inequality {I}.
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10. The necessary condititions J. The identity

f’('ljn/ (lq)n: —f‘lpnu dq’n" =f‘l'0nl dq)nr -—Jzn'}"'[}nnl dq’nru
+f AP Aoy —fwn"' Aoy
{w'}
+f‘1un'” Aoy —f Wy dgy
o)
+ . lpﬂru dq)nlll —f’qlnl: d?ﬂ“
{n}
implies the inequalities J 1, J2.

INEQUALITY J 1. ’
o= oo

__<___ 2 [Eu’ SEzA a(pl}' + En” SEQA a(,np]

+[ J Yo dgpr —f‘/’n"'d?n"'
{=}

+ 'f Yo dpnr —flf’n”' don
{=}

INEQUALITY J 2.

U;n'}lp"m dgn _I‘Pn"’ d?""" + 'J;n”}@”ﬂ"' don “‘f’#n“' d!‘Pn”’;

= } f‘/’ﬂ’ dgn — f’/’n” dgn
+ 2[Br SE* 4 atgy + By SE2a Agy]

THEOREM N 4. The conditions

sl bl |f =1+ =L petoe = o
wrws o ms[|f) =141~ Jpeanee = o

1
are respectively mecessary for the existence of J; Ydy in the senses (FW),

(NW) and therefore respectively mecessary for its existences in the semses
(F'S), (NS).

This theorem follows from inequality J 2.

] (" P, w" Fa").

(”III F 7'[,’ T‘IIIF ﬂ”).
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11. The general existence theorem. By S;(40y)|A¢| will be
denoted 3%, (04, ¥) |¢(4m)|, and by B;S(A0y)!Ag; will be denoted
the least upper bound of S:(A0y)|dg| for partitions = of I; and by
B.S(A0y)|Ag| will be denoted 3, B4, S(A0vy) Ag].

INEQUALITY So. K2 equ(I) < 5B;S(A0y)| Ay .

For let ¢, t,, 3 be taken in I so that

[y

S {vt)+ )} [vt)—e )]+ ;— {P(t)+ vt} [9(ts) —9 (8]

I €

N

+ L@+ p ) [e) — 9 ()] = + Bagu(D.

Then
[ (h)— ()| lo(t)—g(t)| + @ (t:)— ()l |9 (t)—o(ts)]

. . . 2
+ )=yt gt —gt)| = 5 B agy(I)
by the algebraic inequality

l(xl—wz) (?/1"‘?/2)‘*‘(%“%)(yz+ya)+(1's—1'1)(ya+?/1)!:
é le—x2| I?/l—jl/2|+,x2—xs! Jye—ys|+lxs~xl! |3/s“?/1|7

which is easily proved. B _
Now let n/ = I, t,t, 8,1 and 7" = 1, ¢, 8, I. Then

S (80Y) 49|+ 8w (A0w) dg| = LB agu(D);

from which the inequality follows.
INEQUALITY S. SzE2d gy < 5B.S(A0y)|4¢ .
Let us introduce the conditions

Or: LrS(40y) |49 = 0,
On: LyS(40vy) Ay

We can now state the
EXISTENCE THEOREM. The four pairs of conditions

Ar(ey), Jr(e¥);
An(e ), In(py);
Jr (9 ), Or(e ¥);
In(p ), On(y¥)
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are respectively mecessary and sufficient for the existence of J:tpdgo in the
senses (FW), (NW), (F'S), (NS).

The necessity of the various conditions has already been proved. The
sufficiency of the first two pairs follows from inequality J, on operating
on both sides of that inequality by Lp Lr, Ln L respectively. The

' nn’ n’’

7 nll'
sufficiency of the last two pairs then follows from inequality S,.

LemMa Ul. If oUW on T, then Jr(o¥) and Jn(p ).

LemMa U 2. If agy (T) is a continuous arc with at most a finite number
of multiple points, then Uy on T.

This is easily shown by slightly modifying a proof of de la Vallée Poussin
(see Pierpont, Theory of Functions of Real Variables, vol. II, p. 597).

Lemma U 3. If ¢ is monotone on T, then ¢ U,

COROLLARY 1. The fimr conditions Ar, An, Or, On are respectively necessary
Jor the existence of J; Ydo in the senses (FW), (NW), (FS), (NS); and
are respectively sufficient if 9UY on T, in particular, if ey (T) is a con-
tinuous curve with a finite number of multiple points, or if ¢ is a monotone
Junction on T.

1
Suppose ¢ is of limited variation on 7', that is, that J; |de| exists.

Then J; |dg| exists for every I in 7 and will be denoted by Vo). We
define two functions ¢, (), ¢ (f) on 7' by the equations

t
0. ) = 51 | 1a9 ]+ s O—9 Ol +90),

3
g () = %{ﬁ !d¢l—[¢(t)—w(0)]},

so that
¢ () = ¢1(H)—os ()
and
1
dg, = _2_{AVQ)+A9’}7
1

Hence ¢,, 9o are monotonic increasing functions in view of the obvious
inequality

) ) ) IASP| < AV(p'
We have, if Or ¢ is finite,

Lr SAOY){|4g|—AV,} = Lx S@A0y){|4¢|—A4V,} = 0;

82
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from which it follows that the conditions

Vr (p9): Lr S(A0y) 4V,
Vi (9 9): Ly S(A0y) AV,

0,
0

are respectively equivalent to the conditions Or(py), On(p¥), so that
1

Vr(py), Vn(py) are necessary conditions for the existence of R yde in
the senses (#'S), (NS) respectively. Moreover the equations

Avq) - Aq’l_l_Aq’:!y
Ay = Apy— Ay

show that the conditions Vr(p ), Vy(pv) imply respectively the pair
of conditions Vr(p,¥), Vr(g:y) and V(e ¥), Vn(9s ). Hence the

1
conditions Vr(9 ¥), Vn(p ¥) imply the existence of L(l}ldfp) in the respec-
tive senses (F'S), (NS) with the value

J:wd‘p = J:wd% -—J:wd%-

We summarize these well known results as
COROLLARY 2. If ¢ is of limited variation and Or¥ is finite, either of
the conditions Vi (py), Or (p¥) is mecessary and sufficient for the
1

existence of L Yde in the sense (F'S) and either of the conditions Vi (9 ¥),

1
On(p ) is mecessary and sufficient for the existence of J;wd 9 in the
sense (NS).

12. A squarable crinkly curve whose associated Stieltjes
integral fails to exist. If P,,..., P, are any » points in a plane in
which a system of rectangular coordinates has been established, let
(P1, -+, Py) be defined by the equation

n
(Pyyry Pa) = 25 {ord Pitord Py} [abs Posa—abs P,

Now let § denote a square of which two sides are parallel to and
above the z-axis. Let us agree to denote the area of any geometric figure
by the same letter as the figure so that S will also denote the area of
the square S. Let A B represent one diagonal of S. Finally let f be
any positive integer.

Take a positive integer p. Divide S into p* equal squares. Then divide
each of these squares into p* equal squares, and so on. In this way we
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secure an infinite sequence of divisions of S into p?, p* % ... equal
squares. The vertices of these squares form a set [X] everywhere dense
in §. The number m such that p*™ is the smallest number (a power of p*)
of equal squares into which S may be divided so that X appears as a
vertex is called the order of X.

Denote by M that one of the vertices of S other than A and § for
which it is true that (4 BM A) is positive.

Let 4, By,..-, Ay B, be r sub-segments of the segment A B with end
points in [X] and such that 4;, is between 4;(: =1,...,r) and any B;
(j=1,..., ), and B;y, is between B; and any 4; and such moreover
that

A B4+ 4,B°>2f AB.

Now let M;,..., M, be r points all on the same side of AB as M
and such that A4; M;B; is a right angle (. = 1,..., 7). Then the points
M; are in [X], the quantities (A4;B;M; 4;) are positive, and the broken lines
A; M; B; do not have any points in common.

Next take any point 4, of the set [X] which is within the segment
A A, and then choose N,..., N, all on the opposite side of A B from M
so that the angles A4; ; NV;B; shall all be right angles. Then N,,.--, N,
are in [X], the quantities (4;—1 V; B; A;—) are positive, and the broken lines
A;—1 N; B;, B;M;A; have no points (other than end points) in common.

Thus the points

Ady, N\BiM, A,,--., N;BiM;A;,---, N, B, M, 4,

taken in order form the vertices in [X] of a simple broken line which
joins 4 to A,, and consists of segments each of which, except 44,, is
parallel to a coordinate axis. It is clearly possible to join 4, to B by a
broken line of the same character which does not have any point other
than 4, in common with this broken line. Let A4,Q,--- QsB denote such
a broken line. Then

AA N BiM A, --- NiBiM;Ai--- Ny B, M, 4y Q, - - - Qs B

taken in order are the vertices of a simple broken line A4y B which
consists, aside from the segments A4, and QsB, entirely of segments
parallel to the axes of codrdinates.
The points
ABLMAI M BzMAz e BerArB

32*
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taken in order form the vertices of a broken line 44’ B which is inscribed
in A2, B.

If we note that for any three collinear points PQR it is true that
(PQR) = (PQ)+ (QR), then we see that

(AX B) = (AA)+ (4, By M 4) + (4, As) + (43 Bs My A5) + - - -
4+ (Aic1 A+ A B: M; A) + - - -
+(4r-14,)+ (4 B, M, A,) + (4, B)

— AB)+ Zl (4: B; M; A) > (AB)+ 8,

so that
(A¥ B)y—(4AB)>f8S.

The vertices of A4, B are all in [X] and hence there is a finite least
upper bound %, for their orders. Let [ be the length of A4, B. Take
k=Fk,+2 so that

l-];TS<-§— and < (41 B)—(AB)—fS.

Now suppose S divided into p%* equal squares. Shade all of these
squares which have a side in common with a segment of A4, B and which
lie on the same side of A1, B as M does. Let us now suppose that p is
even. Then there is an even number of shaded squares against each segment
of A2, B except AA, and Qs B. With this exception, then, it is possible
to replace each segment of A1, B by a broken line joining the end points
of that segment and made up by taking one diagonal from each of the
shaded squares that abut thereon. After this has been done and all segments
deleted which enter twice in opposite senses, there is obtained a simple
broken line A4 B all of whose segments, except 4 4, and Qs B, are diagonals
of shaded squares. This exception can be removed by shading also all
the squares of our division which have an interior point in common with
AA, or QB and then regarding all vertices of these new shaded squares
which lie on A4, and on BQ, as vertices of AAB. It is clear that
AN B is inscribed in A4 B.

We have thus shown how to replace the diagonal A B of S by a simple
broken line A4 B subject to the following conditions:

(A) the broken line 44 B consists of diagonals of certain shaded squares
of a division of § into equal squares;

(B) the squares of which the segments of 44 B are diagonals have total
area less than S/2;
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(C) a broken line A4’ B can be inscribed in AA B for which
(AN By—(AB) > f8S.

We can now construct our crinkly curve.

For the sake of being definite, let S be the unit square 0 <z < 1,
0<y<1 and 4, B be the points (0,0), (1,1), respectively. Then on
setting 4, = A B, S, = §, there is for every sequence f;, f;, - - - of positive
numbers a sequence A4, B, A4 B, A; B, - .. of simple broken lines joining
A to B and subject to the following conditions:

(A) every segment of A4, B is a diagonal of a square of a certain division
of S into equal squares;

(B) the total area S,i1 of the squares whose diagonals are the segments
of AAyi1 B is less than half the total area S, of the squares S, whose
diagonals are the segments of A441,B;

(C) every vertex of A4, B is a vertex of 4 4,1 B;

(D) in 4 4,41 B may be inscribed a broken line A 4,4, B such that

(A l;L—H B) - (A ln B) > f;z-{-l . Sn-

To obtain such a sequence we have only to apply the process above,
first to the diagonal of the square S, second to each segment of the broken
line A2, B so obtained, and so on, at each step taking the proper value for f.

Let

denote a one-to-one representation of A4, B on to 7 = (0, 1) such that

two equal sub-segments of A 1, B always correspond to two equal sub-

intervals of 7. Then ¢, ¥, converge to two continuous functions ¢, vy,

respectively, since ¢,, ¥, are continuous and the convergence is uniform.
The arc

r: z=9@, y=uw@ (U 2N })

is a simple continuous arc joining 4 to B.

The broken lines 41, B (and hence the broken lines 4 1;, B) are inscribed
in I Moreover a vertex of 44, B is given by the same value of the
parameter ¢ in the equations of A A, B as in the equations of I.

The arc I' is squarable. For it lies entirely in the squares S, and these
have, by (B) above, total area less than 1/27.

Now suppose the numbers f; Sy, f2 Si, f3 Ss, -+- are all bounded from
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zero, say all greater than e¢. This is possible since the choice of the f’s
is absolutely arbitrary. Then

(1) (A )'llz 1 -B) _'(A )'n B) > Co (n - 0; 17 27 ° e ')'

1
The Stieltjes integral ﬁ Y(@)do(t) does not exist in either of the four
senses. For first the vertices of A4, B and 4 45,11 B correspond to two

divisions of 7' of norm in each case certainly less than 1/p*. Moreover
(4 4241 B), (4 2, B) represent two sums of the form

S'ydy

corresponding to those divisions. These facts together with the inequality (1)
above show the required noan-existence.

13. On the independence of the sufficient conditions. In this
section we find functions ¢, ¥ for which Ar(y, ), Ax(y, ¢), Or(y, ¥),
On (9, ¥) but not Jx (e, ) or Jr(p, ¥).

Let a square S be divided into (2 p+ 1)® equal squares. Let AB be
opposite vertices and represent the remaining vertices by M N in such a
way that (AMBA) > 0. The diagonal A B is divided by the network of
(2 p+1)* equal squares into 2p-1 equal segments whose end points we
will denote in order by

AAlAg"’ApoBp—l"'BlB.

Now take M, --- M, N, --- Np so that 4; M; B; N; is a square S; ¢ =1,---,p)
and M;, N; are on the same sides of A B as M, N respectively. Set 4o = A4,
By = B, 8§, =4S8. Denote the squares whose diagonals are respectively
A; Ai+1, B; By, Ap Bp t=0,.. -,p—l) by O'i', O'i”, 0’1; or 0‘;,’.

There is a simple broken line A;A; B; which consists of diagonals of
squares (of our network) which lie in S;—; —(S;+ 0/—1+ ¢/_1) on the same
side of AB as M and a simple broken line B; A; 4; consisting of diagonals
of squares which lie in S;—;—(S;+ 6/—1 -+ 6i_;) on the same side of AB as N.

Now let AL B be the broken line

Ady M By Ay Ay 2By Ay - -+ Ap2yBpdy Ap By By 1+ By B.

Then the segments of A4 B are diagonals of the (2p -+ 1) equal squares
into which S has been divided. Moreover
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(A2B = (A A1)+ (4121 B1 M A1) + (A1 4z) + (A2 23 Bady' o)+ - - -
+ ApdpBphy Ap) + (4p By Bp—1--- B1 B)

= (4B) + ﬁ: (di A; B;Ai" 4).
<=1

But )
{17 " L ___2____
(Al’lp BI’ lp AP) - (21)__|_ 1)3 S’
’ 1" 42
(Ap—l )'P—l Bp—l }'p—l Ap—l) = 'm—)-z- S ,
’ " 2p)°
(4141 B1 A dy) = (.é}()——!}%)—f)_’- S.
Hence
) _ e ,,.___L__ 92 2 . 2
or
v 2p (p+1)
AAB) — (A B) = —= 8.

Let S be the unit square 0 < z < 1, 0 < y < 1 and 4, B the points
(00), (11) respectively. Let {ps} be any infinite sequence of integers. Set
g =2@Cpat+ D+, mn=q1+ - u,"™n=2pp+1forn=12,...,

Set Poo = A, Pom, = Poy = B, and let M, be the mid-point of
Py Py, . :

There is a broken line Pi,--- P, such that

(1) Py = 4, Piw, = B;

(2,) the points P, ---, Py, —1 divide Pio Py, or Poo Mo into 7, equal
parts;

(31) the points Py ,---, Pig (= Pim) are the vertices of a broken line
which consists of diagonals of the #2 equal squares into which square
My, Py may be divided and which is such that

2 1
(Py, - - Pig) — (Moy Pyy) = ;”(‘T(ppl‘_i'i——l))—.sq.lml Py

On continuing in this way we may construct a sequence of broken lines
P+ Pym, (n = 1,2,...) such that

(ln) Pn,kq,. = Bl—l,k (k - 07 ct mn—l);
P, n ke, +r, — Mt—l,k—l-l,

where M, _1,k+1 is the mid-point of Pp 1 Pra, xt1;



512 H. L. SMITH [October

(2n) the points Pnrg+1,- -+, Purgt+r,—1 divide Pn g, Pn kg+r, into 7n
equal parts;
(3») the points Py kg+r,,- -, Pa,&+1q, are the vertices of a broken line

whose segments are diagonals of the rn equal squares into which square
P kg tr, Pr,kc+1yq, (&= Mn—1,k+1 Pn—1,k+1) may be divided and which is
such that
(P N K@y t7,9 * " " P, n, (k+1) q,‘)—(Mn—l, k+1, P, n—l,k+1)
. 2 Dn (pnﬂ
3@Cpn+1)

Let =, denote the area of the squares whose diagonals are the segments
Of (.Pno oo an")- Then

* 8q. Mn—1, k41 Pt k1.

5 — ma _ (At (pnt1)
" @p 22 (dpnt2P @p+2) - - @pat2)’
or
%= (1+ 1‘|“1) (+2pn+l)
Hence
1\ 1\
(—4~) < 3, < (?) .
We have
(Pro, -+ -, an,,)_(Pn—l,o, ceey Pn—l’mn—l)
_—1
Z {(Pn,kays + + 5 Pr,teta) — (Pa—t,k Pao1,ktn)},
so that

y 2 (pn + 1)

(P - - - B mn,‘) — (P, n—1,0 * & n—l, m“_l) 6 (2}9” x 1) 2»-1 .

Let ln be the length of Pyo--- Pum,. Then

V§ mMn
@p+2) - @pnt2)

by = =Ve2@m+1)--- (pn+1).

The sequence {ps} has so far been arbitrary. Now take pn to be 1
plus the greatest integer in 12(4”—'/n). Then

47!—1 p” ( pn + 1) 1 4”—-1
<
Hence

4n—1 n—1 1
(Pao -+ Pam)—(Paso - Pacrm, ) = (l) L



1925) THE STIELTJES INTEGRAL 513

and

(-Pno R Btmn)_(l)n—l,o e Pn-—l, ”‘»-1)

Srmail G B sy

1 1 1 1 1
<futz e (o) e
The infinite product

1+ o) ()

converges, since the series

1 1

TR R T

converges, being dominated by the convergent series

(it o+ o+t )
Hence
L {(Puo--- Pun)—(Pur0-- Pucim, )} = 0.

n— o0

We note further that for every n and p,

@) (Patpo-- Pripmy,,)—(Pro- Pom) 2 ——+--+ ——

P

+1 n+p
Now let us write the parametric equations for the broken line
(Pno LS an”) thus:
z = ¢, (), y = Yu(d) o=ty

where the parameter ¢ is proportional to the length of arc along the
broken line.
The functions ¢,(?), Yx(f) will converge uniformly to two continuous

1
functions ¢(f), w(f) respectively; it is the Stieltjes integral J:t,v(t)dqa(t)
of these functions which we wish to study.

Let m, be that partition obtained by dividing (0 1) into m, equal parts,
so that Nm, = 1/m*. Then

1 1
J: Yr, d(p,,‘ =J; Yn don = (Pro- -+ ann)°
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1 1
Hence by (2) %J; Yy, dp,, does not exist and J; yde does not exist in
either of the four senses.
We now investigate the conditions Or(y ¥), On(py). To this end, let
n(I) be defined by the inequality

N7Tn,(l) é I Nﬂn(l)—l .
We have

1 5
Oryp) lo(DH] < gzi Ly

where I, is the sum of all the cells of 7, which have inner points in
common with . For the points (¢(¢), ¥ (¢) for ¢ in I lie entirely in certain
squares of the system =, ,. The left hand side of the inequality will
have its greatest value when these squares are diagonally collinear, in
which case they all lie in a square whose diagonal is I by .

Now I, < 31 always, hence

9
Ory) 9 (D] < 5 I* Ly
Moreover

I
©o
M
§
I
| ro
[ v

in view of which

=
le 9 "
Ol 9I° 12—,
so that

(Or l/l) lf{’(l)l i_; 9 [2]7n(1) + 1] Izn 10 (Ié [21)1L(f) "" I]Nﬂn(l))-

Now consider the set of all I for which n(Z) = n,. Since I << N7mp 4,
the points (¢ (¢), ¥(?)) for ¢ in I lie entirely in two squares of En,,—x and

hence (O;y)| 9 (I)| is less than the area of four squares of 21 that
is, than (4/(mn 1)) 2,,0_1. By property (2.) of the polygon (P, --- Pum,),
there is an I, = (2 ps -+ 1) N7s, such that

0

O )lo D] = 3, -
Hence
O] < 40, )| 9!
<

36 2 pn, 1 Lo 3,
< 36 (2 pno-l- 1) I 2"0 if 1> (2])"0 '}‘ 1) N”no.
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From this it follows that for all IZ,

O o) < 36Cpuy+1 I3,

216 (paay+1+1) [J'l f‘ ]
= I d — d
Pay+1 (Pay1+1) o YnWrt a1 Yn E9u

1 1
<IM U; Yy dPaay1— ﬁ Yuiy d %(1)] )

where M is the least upper bound of

216 (2 DPn + 1)
Pn (Pn + 1)’
which is surely finite since

L 216@mtY _
o Pn (Pn‘l"l) '

Now denote by a, the largest value of

1 1
J; Yn(dm)+1 d?’n(dn)—i—l "‘J; Yn(dn) d‘f’n(dn)
for all An of n.
Clearly
Lg a; = ;tm a, = 0.
Hence since

7T
AZ(OJH'#)‘?(A”)' _S_ Ma,,
we have
LxS(A0y) 49| = Ly S(AO0y) |4¢| = 0.

That is, ¢, y satisfy the condition Ar(py), An(ey), Or(ey), Ox(py),
and since the integral fails to exist, do not satisfy the conditions Jr (9 y),
In(p ).
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